In this paper, we take the slowly rotating black three-brane background and perturb it by introducing a vector gauge field. We find the components of the gauge field through Maxwell equations and Bianchi identities. Using currents and some ansatz we find Fick's first law at long wavelength regime. An interesting result for this non-trivial supergravity background is that the diffusion constant on the stretched horizon which emerges from Fick's first law is a complex constant. The pure imaginary part of the diffusion constant appears because the black three-brane has angular momentum. By taking the static limit of the corresponding black brane the well known diffusion constant will be recovered. On the other hand, from the point of view of the Fick's second law, we have the dispersion relation ω = −iDq 2 and we found a damping of hydrodynamical flow in the holographically dual theory. Existence of imaginary term in the diffusion constant introduces an oscillating propagation of the gauge field in the dual field theory.
I. INTRODUCTION
In ten dimensional type IIB supergravity a black three-brane is a cluster of coincident D3-branes [1] . Black three-branes may have angular momentum in a plane perpendicular to the brane and the geometry of this object has extensively been discussed in [2] [3] [4] . Generally a three-brane in ten dimensions has a rank three transverse rotation group SO (6) , so it has three independent (commuting) angular momentums.
An interesting aspect of D3-brane is that worldvolume of N coincident D3-branes, being in ten dimensional spacetime and at low energies, can be described by super-Yang-Mills theory with gauge group U(N). This point shows that D3-branes and black three-branes might be used in the context of dual theories. The dual theory which connects physics in a region of space with gravity to a region without gravity; is known as holographic principle.
In the context of the holographic principle [5] [6] [7] , the region without gravity which lives on smaller dimensions, can describe in particular cases some kinds of field theories. As we know, the fluid/gravity duality connects the long wavelength field theories to a gravity dual containing a black brane with nonzero Hawking temperature [8, 9] . It has been proved that theories living on the non extremal D3, M2 and M5 branes have hydrodynamical behavior at long wavelength description and their hydrodynamic modes are coincide with kinetic coefficients in the dual theories extracted from AdS/CFT [10] [11] [12] [13] [14] .
On the other hand, the membrane paradigm, which describes the hydrodynamic-like properties of the event horizon, would be a better physical model for black branes in comparison with black holes because the horizon of black holes lacks translational invariants [15, 16] .
Also considering fluctuations around static black brane solutions, the diffusion relations and shear flow in the holographically dual theory have been extracted in [17, 18] .
Some properties of the rotating black three-brane such as thermodynamic properties and stability has been studied in the literature [19] [20] [21] . Also the relation between rotating black three-branes and QCD has been calculated in [22] . The points mentioned above motivated us to investigate dispersion relation of dual field theory of rotating black threebrane spacetime which the hydrodynamical modes are encoded in. It helps us to understand more about fluid/gravity duality for the case of rotating branes. So we take slowly rotating black three-brane in the gravity side and introduce a small fluctuation, using a vector gauge field from the field theory side, and find Fick's first law. By extracting Fick's first law, an explicit expression for the diffusion constant will be obtained. Using the Fick's second law, i.e. ω = −iDq 2 , we find a traditional damping of the hydrodynamical modes (because of the real part of the diffusion constant) plus an oscillating propagation of the gauge field, which emerges from the imaginary part of the obtained diffusion constant, in long wave length regime of the corresponding field theory.
The organization of the paper is as follows. In section II, we introduce the reduced spacetime of rotating black three-brane. By using the gauge field, we perturb this background and then apply Maxwell equations and Bianchi identities on the stretched horizon. In that case, in order to determine all appropriate components of the gauge field we suppose some ansatz. In section III, we will obtain Fick's first law by relating different components of
Maxwell equations. Then, we extract an explicit expression for the diffusion constant of the dual field theory. Section IV is devoted to the Fick's second law and the dispersion relation which relates the quasi normal modes of black branes to the diffusion constant. In the final section we have conclusions and notes.
II. ROTATING BLACK THREE-BRANE AND CORRESPONDING PERTUR-

BATION
The general rotating brane solution in string theory is presented in [21, 22] . So thermodynamic properties and stability conditions of that solutions can be found easily. One of the hydrodynamic modes is the diffusion constant and in order to find it we consider the reduced metric of the rotating three-brane with angular momentum (here we have just one angular momentum),
in which,
and we have assumed [22] ,
Similar to spherically symmetric cases the dilaton is constant and coshα relates directly to the three-brane charge. As we know, the rotating black three-brane and N coincident D3-branes with a density of R-charge on the world-volume have the same quantum numbers.
Thus we have,
where g s and α ′ are the string theory parameters. The event horizon for the metric (1) is,
where the Hawking temperature at θ = π 2
, Ψ 1 = 0 is given by,
In the slowly rotating limit (small angular momentum) we take ). It is obvious that (4) connects r 0 and coshα to the D3-brane charge N.
So, in the low energy limit, i.e. N → ∞, we have coshα = (
and the Howking temperature will be,
).
This relation expresses that in the large 'tHooft coupling (λ = g 2 Y M N ≫ 1), Howking temperature of rotating three-brane in the static limit gives the AdS5 result exactly.
The stretched horizon is a suitable region to calculate the diffusion constant on. In our case, the stretched horizon is a flat spacelike hypersurface located at r = r h such that,
We find in the next sections a more restricted constraint than (8) . The unit normal vector on the corresponding hypersurface is a spacelike vector. Using Φ = r = const. we have n r = √ g rr . Also the inverse components of the metric ds 2 IIB are,
The hydrodynamic theory in the dual field theory can be produced by currents and tensors, so it is important to investigate the vector and tensor perturbations. The dynamics of vector perturbation can be found by Maxwell action,
Taking an external gauge field A µ as a perturbation, one can study currents on the stretched horizon r = r h . The corresponding equation of current is,
after expansion we have,
The conservation equation of current is ∂ µ J µ = 0, this leads us to the following equation,
Because of the antisymmetry properties of F µν one can conclude n µ J µ = 0, which shows that the corresponding current is parallel to the stretched horizon.
Now we search for the other relations come from Maxwell equations and Bianchi identities.
For the Maxwell equation we have,
For simplicity, we take effective coupling g ef f as a constant, so the components of the Maxwell equations will be,
In second step we use Bianchi identities to extract other relations between components of the field strength,
We take the following ansatz for the gauge field,
which µ runs over t, x, y, z, r, θ, Φ, ψ i . Without lose of generality we can fix − → x along the spatial direction x, so that,
So one of the Bianchi identities is,
which in complementary to Maxwell equations helps us to find the diffusion constant. By choosing A r = A Ψ i = 0 and applying | ∂ t A x |≪| ∂ x A t | (which will prove later) we extract other components of the vector gauge field,
The differential equations for other components of Maxwell equations can be decoupled and the result is,
Now we try to solve the above independent second order differential equations up to O( From Eq. (28) one can find A y as,
where M ≡ 1 + it's physical solution would be,
where Λ ≡ 37 32
and C 1 is a constant which can be determined after normalization. The differential equation for the component A z (ε) is exactly the same as that for A y (ε). So it will be,
where C 2 is normalization constant. On the other hand we try to determine the component
Under the same conditions and constraints supposed for the case of A y (ε) and A z (ε) we can find,
where C 3 is the normalization constant again. After some calculations the differential equation for the A φ is,
where W = and it's solution up to second order perturbation is,
where Λ ≡ 
this equation can be written as,
To find a solution for this equation, we first take q = 0, so that the solution will be,
In the second step, we assume q is nonzero and small. After some calculations, we have
. This shows that (39) can be solved perturbatively when we take q 2 T 2 ≪ 1 and q 2 l 2 ≪ 1. So A t can be written as a series on
so we can write A t such that it has the same r-dependance and C 0 depends on t and x. So, we have,
To find the diffusion constant, we need
At Ftr
| re which after a lengthy but strightforward calculation will be as follows,
This ratio will be used at the next section.
The last component of the vector gauge field is A x which can be determined explicitly from Eq. (27) . The third term in that equation vanishes as we are on θ = π 2
, so we have,
By considering (42) and A x | r=∞ = 0 we have,
After some calculations it proves that for very small r → r 0 we have,
Therefor we can write,
Since
T 2 ≪ 1, to let the above fraction to be much smaller than 1 we have,
which means r − r 0 can not be too small and,
Note that to put the stretched horizon on this region have taken in (47) the constraint
Also we will find an upper bound for the location of the stretched horizon in the next section. After now, we try to calculate the diffusion constant of slowly rotating three-brane by establishing a suitable connection between components of the Maxwell equations and Bianchi identities.
III. FICK'S FIRST LAW AND DIFFUSION CONSTANT
In this section, we try to extract Fick's first law by applying previous results and conditions. First of all we consider Eq. (17) . This, in turn, will eliminate the third term. Thus we have,
By taking derivative with respect to t then combining it with Eq.(24) we have,
which by some calculations we arrive at,
which is equivalent to,
Note that ε q 2 ω 2 = r−r 0 r 0 q 2 T 2 and therefor we choose,
This relation gives an upper bound on the location of the stretched horizon and can be satisfied simultaneously with Eq. (49). By these constraints we can write,
On the other hand, by taking derivative of Eq. (16) with respect to t, we arrive at
Now by inserting Eq.(55) into Eq.(56) and taking the long wavelength regime into account, it is recognized that the third term of the Eq.(56) can be neglected. So, we fined the governing wave equation for F tx as follows,
Straightforward calculations will result in the following solution for the differential equation (57),
from which we have,
By inserting this relation into Bianchi identities we obtain,
This equation has a solution only when the terms in the parenthesis be independent of t, and further be zero, in order to give a finite solution at t → ∞. So we have,
Now we turn back to the currents. As it was calculated in previous section, the current along the spatial direction is,
By applying Eq.(61) we find,
Using our previous condition |∂ t A x | ≪| ∂ x A t |, the equation (63) will be,
which can be recast into,
So we have finally,
which is the first Fick's law and D is the diffusion constant. So the diffusion constant of the rotating three-brane will be,
in which D (static) is the static part of the diffusion constant while D r (rotating) and D i (rotating) are real and imaginary parts of diffusion constant respectively. D r (rotating) and D i (rotating) vanishes for the case of static spacetimes.
if we take coshα ≫ 1, i.e. at large N limit, we have,
in this limit, the imaginary part of the diffusion constant can be neglected compared with the real part. So we can write diffusion constant in terms of temperature as follows,
It is obvious that when rotation goes to zero, Eq.(70) agrees with results from the literature exactly [17] .
IV. FICK'S SECOND LAW AND QUASINORMAL MODES
In the framework of general relativity, perturbations of black hole spacetimes can produce quasinormal modes (QNM). Particularly the gravitational waves which emit from black holes have quasinormal frequencies with real and imaginary parts [23] [24] [25] . For higher dimensional black holes, the spectra of gravitational QNMs determines the stability of black branes, particularly when all QNMs are damped the stability is guaranteed [26] .
By considering gauge/gravity duality these modes set the stage for description of the hydrodynamic regime in the dual finite temperature strongly coupled quantum field theory.
It proves that the lowest quasinormal frequencies of black branes can be interpreted as dispersion relations of hydrodynamic excitations in the dual theory.
Perturbed Einstein equation is a set of coupled equations for higher dimensional black holes . To solve the equations three channels of perturbations can be considered: scalar, shear and sound channel. Each type of these channels perturbs particular components of metric. Then three independent second order differential equation will obtain. The hydrodynamic modes dependency on q extracts from the solutions of the corresponding differential equations.
At the field theory side, the poles of the retarded two-point function of the stress energy tensor give information about speed of sound and shear and bulk viscosity. Dispersion relations for the shear and sound modes emerges from small deviation of T µν from equilibrium.
The conservation law ∂ µ T µν = 0 together with the constitutive relations yields equations of linearized hydrodynamics. Some calculations for the low frequency, small momenta fluctuations of the stress energy tensor of any d-dimensional theory (see (139) in [23] ) gives two type of eigen modes, the shear mode with the dispersion relation,
and the sound mode with the dispersion relation,
where ǫ, p, η , ξ are energy density, pressure, shear and bulk viscosity respectively and C s is the speed of sound. This equation leads us to an overdamped mode which emerges from the real part of the diffusion constant and shows the diffusion of the conserved charge.
At the other hand, the Fick's first law,
so the linearized hydrodynamics predicts the existence of a simple pole with above dispersion relation.
The relation (73) exists for all static or stationary black holes. But extracting QNMs for the case of rotating black holes is now under consideration in the literature. Analytical solutions, even perturbative methods, are very challenging and have not been done yet. Some recent progress has been made in the subject of the scalar field perturbations of the rotating black holes [27, 28] . For the case of Maxwell field perturbations, finding analytic solutions are still under exploration (For some restricted numerical computations see [29, 30] ). These last papers have found quasi-frequencies which have both real and imaginary parts, in agreement to our result. In other words, having a damping factor emerging from the imaginary part of the mode frequencies is a typical behaviour of the rotating black holes (see the above references), a phenomenon we hope to appears also for black branes. In fact, using the obtained diffusion constant and the Fick's second law, ω = −iDq 2 , one finds ω explicitly.
To confirm our result, a separate (and difficult) research must be devoted to find directly ω, using traditional techniques like continued fractions method, motion groups technique for solving the differential equations and so on.
V. CONCLUSION AND OUTLOOK
In this paper we studied the spacetime of slowly rotating black three-brane in ten dimensional spacetime. By taking nontrivial supergravity background and using holographic theory we have obtained an explicit expression for the diffusion constant of the correspond-ing dual field theory. Specially we made long wavelength description of the dual field theory which we expected to be connected to hydrodynamics.
Relating different components of Maxwell equations and Bianchi identities, we realized
Fick's first law. Extracting Fick's first law leads us to determine diffusion constant explicitly. Surprisingly, the diffusion constant which we obtained for the rotating black three-brane had both real and imaginary parts. It is obvious that imaginary term has been appeared because of the rotation of the black brane. If we take static limit, the diffusion constant will be real, in agreement with the literature. Also, second law of Fick helped us to find dispersion relation for the dual theory. The real part of the diffusion shows dispersion of the conserved charge and damping of the hydrodynamic flow. The imaginary part corresponds to the oscillating propagation of the gauge field.
In order to provide some supports for the presence of the complex constant D, we employed the relation between QNM and diffusion constant. It will be interesting to explain, as a separate research, the stability and un-stability of rotating three-brane using the QNM spectra relation and Eq.(67). Some types of QNMs for rotating black holes which has been calculated in the literature are complex (see Refs. (27)- (30)). This type of QNMs supports indirectly our result, i.e. having a complex diffusion constant. The viscosity bound is sometimes violated, for example in the supergravity theory with higher derivative terms because of the corrections to the QNM spectra. Thus obtaining QNMs of rotating black three-brane and its probable corrections determines whether the viscosity bound saturates or may has corrections.
